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Abstract—Backward induction has led to some controversy in
specific games, the surprise exam paradox and iterated prisoner’s
dilemma for example, despite its wide use in solving finitely
repeated games with complete information. In this paper, a typical misuse of backward induction is revealed by analyzing the
surprise exam paradox, and the reason why backward induction
may fail is investigated. The surprise exam paradox represents
a set of repeated games with strategy constraints and has not
been fully investigated in game theory. The agents in real-world
activities always face constraints in decision making, for example,
a budget limitation. In a repeated game with strategy constraints,
the players’ choices in different stages are not independent and
later choices depend on previous choices because of the strategy
constraints. Backward induction cannot be applied in its normal
use and it needs to be combined with Bayes’ theorem in solving
these kinds of problems. We also investigate how the strategy constraints influence the equilibrium and show how to solve repeated
games with strategy constraints by analyzing a repeated battle of
the sexes game with a budget constraint.
Index Terms—Backward induction, Bayes’ theorem, repeated
game theory, surprise exam paradox.

I. INTRODUCTION

B

ACKWARD induction, also called retrograde analysis in
game playing or backward reasoning in optimization and
AI [32], [16], [5], has been a commonly used methodology for
game tree search since the establishment of game theory [38].
When applying it, we first anticipate what choice the players
would make in the last stage. Given the choice in the last stage,
we then deduce what the players would choose in the second to
last stage, and so on. It has been applied to solve complicated
games like Chess [37], Go [12], and Chinese Chess [17]. Despite its wide use, there is still some controversy, especially as
regards its use in the traveler’s dilemma, the iterated prisoner’s
dilemma, and the surprise exam paradox.
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Experimental economists have found that subjects in the traveler’s dilemma do not make choices according to backward induction [7], [13]. In finitely iterated prisoner’s dilemma experiments, cooperation between participants is not uncommon, although it is not an equilibrium choice [23], [15], [22], [2]. Cooperation can be achieved in the early stages if there are sufficient iterations. The rate of cooperation at the beginning of the
game is significantly high, and it tends to be rare at the end of
the game. Although theorists have attempted to rescue the argument for backward induction by means of bounded rationality
[3], incomplete information [25], reputation [26], and other-regarding preferences [18], [9], [29], the debate is far from being
settled [8], [31].
The surprise exam paradox, also known as the unexpected
examination or the unexpected hanging paradox, has evoked
research interest among mathematicians and philosophers for
decades. A version of the surprise exam paradox is described as
follows [14].
“A teacher announces in class that an examination will
be held on some day during the following week, and moreover that the examination will be a surprise. The students
argue that a surprise exam cannot occur. For suppose the
exam were on the last day of the week. Then on the previous night, the students would be able to predict that the
exam would occur on the following day, and the exam
would not be a surprise. So it is impossible for a surprise
exam to occur on the last day. But then a surprise exam
cannot occur on the penultimate day, either, for in that case
the students, knowing that the last day is an impossible
day for a surprise exam, would be able to predict on the
night before the exam that the exam would occur on the
following day. Similarly, the students argue that a surprise
exam cannot occur on any other day of the week either.
Confident in this conclusion, they are, of course, totally
surprised when the exam occurs (on Wednesday, say). The
announcement is vindicated after all. Where did the students’ reasoning go wrong?”
The paradox has been thoroughly investigated as a pragmatic
problem. The logical school of thought suggests that the statement of the teacher is self-contradictory and self-referencing so
that the students’ reasoning is based on an unsound assumption
[33], [34], [11]. The epistemological school of thought agrees
that the statement of the teacher is self-contradictory and tries
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to make the problem clearly defined. It explains that the students’ assumptions about what they will know in the future are
inconsistent [14], [36], [27], [20]. Although the paradox itself
is considered to be resolved, there is still no consensus on the
resolution.
The paradox is modeled as a repeated matching pennies game
in [35]. With this model, the teacher and the students play a
matching pennies game at each stage and the game ends once the
exam has occurred (it looks like a centipede game in this sense).
The Nash equilibrium of a three-stage surprise exam paradox is
studied. It concludes that a surprise exam can be given if the
teacher assigns a nonzero probability to giving the exam on the
last day. This conforms to [10], in which the teacher’s probability distribution to maximize the surprise is deduced. Another approach models the surprise exam paradox as an information-dependent game, in which a set of prediction profiles
is added [21]. The set of predictions chosen by the players has
an influence on the payoff matrix as well as the strategies. It
shows that there is inconsistency of information in the process
of game playing. Several more general models of the paradox
are discussed in [19].
Backward induction cannot be applied in its normal way in
the surprise exam paradox, given that the teacher must give an
exam on someday during the following week as it is promised.
This is a constraint on the teacher’s strategy and both the teacher
and the students know it. Because of the constraint, the choices
of both sides at each stage are not independent and backward
induction cannot be applied in its normal way.
In this paper, we analyze the surprise exam paradox by using a
new game-theoretical framework, which we call repeated game
with strategy constraints, and we show that backward induction
should be used together with Bayes’ theorem to solve this kind
of repeated game.
Most games studied in game theory so far are games without
strategy constraints, i.e., the players choose their strategies independently and respectively. However, many real-world activities can be modeled by games with strategy constraints when
the agents have a budget limitation. As a typical example, income is a constraint for individual household consumption. In
the classic battle of the sexes game, for example, the husband
and the wife choose between attending an opera and watching a
football match [28]. Consider the situation that the couple makes
choices repeatedly and they have a budget limitation on the entertainment expenditure. The budget forms a constraint on their
strategies if the two alternatives have different prices. Some
problems in engineering have been studied as games with coupled constraints, for example, the constrained potential game
[39], the network game [6], [40], the optical signal-to-noise ratio
(OSNR) game [30], and general constraint games [1]. The above
research focuses on the methodologies of computing Nash equilibrium of specific games, and, thus, is problem dependent. This
paper studies a general form of repeated game with strategy
constraints and focuses on the influence of constraints on the
players’ repeated choices.
The contribution of this study is twofold. First, it offers a
methodological contribution to the application of backward induction. Although the use of backward induction is limited to
repeated games with complete information, it may still be mis-
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Fig. 1. Payoff matrix of the stage game of the surprise exam paradox (where
).

used. The surprise exam paradox shows a typical misuse of
backward induction. When there is a constraint on the strategies of the players, the choices of a player in multiple stages are
coupled. Or, in other words, the choices in previous stages have
an influence on later choices. This influence needs to be taken
into consideration if backward induction is applied. Second, the
surprise exam paradox is analyzed by using a new game-theoretic framework, repeated games with strategy constraints, and
the reason why backward induction fails in the paradox is revealed. We show that backward induction can be used together
with Bayes’ theorem to compute the players’ choices in solving
repeated games with strategy constraints.
The rest of this paper is organized as follows. Section II
analyzes the surprise exam paradox as a repeated game with
strategy constraints. Section III discusses backward induction.
Section IV introduces the finitely repeated games with strategy
constraints and analyzes an example of a repeated battle of
sexes game with a budget constraint. Section V concludes the
paper.
II. THE SURPRISE EXAM PARADOX
First, we represent the surprise exam paradox as a normal
form game. The game is a two-player -stage repeated game.
At each stage, the teacher will choose between two alternatives:
exam
and no exam
, while the students will choose between two predictions: exam
and no exam
at the same
time. If the students predict an exam successfully, they gain a
payoff and the teacher receives
. If the students fail to predict an exam, they receive
and the teacher receives . If the
students choose while the teacher chooses , the teacher and
the students receive payoffs of and
, respectively. If the
students choose while the teacher chooses , both sides receive zero. The payoff matrix is shown in Fig. 1.
There is a constraint for the strategy of the teacher: the teacher
must choose exactly once in the stages. This constraint is
known to both players.
Because of the constraint, this game is different from traditional finitely repeated games, in which the players’ choices at
each stage are independent. The game cannot be analyzed by
applying backward induction directly.
Consider a one shot game with the payoff matrix as shown in
Fig. 1. Let us first consider the situation in which there is not any
constraint on the strategies of the teacher and the students. Since
no pure-strategy Nash equilibrium exists in this game, assume
that both players choose a probability distribution. The teacher
assigns probability to and the students assign probability
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to . The expected payoffs to the teacher and the students,
and
, can be expressed as

easy to compute directly, posterior probabilities are used in the
situations with
.
B. Three-Stage Game

The Nash equilibrium is that the teacher chooses
and the students choose
.
The expected payoffs to the teacher and the students are
and
.
When the constraint is in force, the teacher has to choose .
Thus, the students will choose , and the payoffs to the teachers
and students are
and , respectively. In this section, we start
from a two-stage game, and then extend it to a three-stage, and
then -stage game.

Let
, and be the probabilities of the teacher choosing
in the three stages and
and the probabilities of the
students choosing . Let
be the posterior probability of the
teacher choosing at the second stage, given that no exam occurs at the first stage, and
be the posterior probability of the
teacher choosing at the third stage, given that no exam occurs in the first two stages. Similarly, and are the posterior
probabilities of the students choosing at the second and third
stages, respectively.
Obviously,
and
. We also have
and
according to the Nash
equilibrium of the two-stage game. A priori probabilities can
be computed by using posterior probabilities as follows:

A. Two-Stage Game
Assume that the probabilities of the teacher choosing
in
the first and second stages are and , respectively. We have
because the teacher must choose exactly once in
two stages. Similarly, the probabilities of the students choosing
in two stages are and .
In the two-stage game, if the teacher has chosen in the first
stage, she must choose
in the second stage, and, thus, the
students must choose in the second stage. On the other hand,
if she has chosen
in the first stage, she must choose
in
the second stage, and, thus, the students must choose . Thus,
the payoffs of the teacher and the students in the second stage
are determined, given the teacher’s choice in the first stage. The
payoffs to the teacher and the students can then be computed as

We just need to know the values of
and
in order to
determine all a priori probabilities listed above.
The payoffs to the teacher and the students can be expressed
as

This simplifies to

If the teacher chooses

, the payoffs
will
, which is independent of the values
and . On the other hand, if the students choose
, the payoff
will be
no
matter what value of
and
the teacher chooses. So this is
the Nash equilibrium of this game.
The Nash equilibrium is that the teacher chooses
and
and the students choose
and
. The
expected payoffs to the teacher and the students are
and
.
Note that both
and
are a priori probabilities, that is,
the teacher and the students assign these probabilities before
the first stage of the game. After the first stage, the students
may update their strategies (probability distribution) according
to the outcome of the first stage. For example, if the teacher has
chosen at the first stage, the students should choose at the
second stage no matter what the value of . Let denote the
students’ posterior probability, given that no exam occurs in the
previous stage. There
. The relationship between and
is
. Because a priori probabilities are not
be
of

If the teacher chooses
, the payoff
to the teacher
is independent of the values of . If
the students choose
, the payoff
to the students
is independent of the values of
.
Thus, the Nash equilibrium is that
, and

and the students are
.
C.

. The payoffs to the teacher
and

-Stage Game

Let and
be a priori probabilities that the
teacher and the students assign to choosing at the th stage,
and
and
the posterior probabilities that
the teacher and the students choose at the th stage. We have
.
We just need to compute the values of
, and . For
the convenience of expression, let us define that
and
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. We are about to compute the posterior probabilities
and
. The a priori probabilities could be
determined by and , according to the Bayes’ theorem

(1)
(2)
Posterior probabilities should be subgame perfect. Given that
and will be the optimal
no exam occurs at the first stage,
choices for the teacher and the students at the second stage.
Given that no exam occurs at the first, second,
th stage,
and
will be the optimal choices at the
th stage. Thus,
we could adopt backward induction to compute and .
Let
denote the Nash equilibrium payoff to the teacher,
given that no exam occurs in the previous
stages
. We have
(3)
. Note that
where
independent, and
and
.
It is easy to deduce that

, and

are

(4)
and
we have

. So,
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In Fig. 2, the strategies and payoffs of the teacher and the
, given
.
students are expressed as functions of
Fig. 2(a)–(e) shows the difference between a priori probabilities and a posteriori probabilities.
In the situation that
and
,
for example, the optimal strategies of the teacher
and the students are
and
,
or
and
. The teacher
and the students will receive
and
, respectively.
In another situation that
and
,
for example, we have
and
. The Nash equilibrium is that the teacher assigns probability distribution
and the students
choose
and the payoffs to the teacher and the students are
and
,
respectively.
We have analyzed the surprise exam paradox as an -stage repeated game and deduced the Nash equilibrium solution. With
the Nash equilibrium solution, the teacher assigns the probabilities of choosing at each stage. Especially, there is
. As
shown in Fig. 3, both the teacher and the students should assign
a nonzero probability to choosing at the last stage.
As increases, the expected payoff of the teacher
increases and the expected payoff of the students
decreases.
If
, there will be
and
. This means
that the probability that the teacher successfully gives a surprise
exam is 1 if the semester is infinitely long.

III. BACKWARD INDUCTION

Since

Substitute
then we have

, we have

for

in (3),

(5)
The probabilities (both a priori and a posteriori) that the
teacher and the students assign to choosing at the th stage
could be computed by means of (1)–(5) for any value of
.
The Nash equilibrium payoffs to the teacher and the students
are
(6)
(7)

The application of backward induction is limited to repeated
games (or one-shot games with iterated decisions) as long as the
games contain a finite game tree and they are with complete information. However, backward induction may still be misused
in some cases. In this section, we discuss why backward induction “fails” in the surprise exam paradox and how to modify its
usage to solve this, and similar problems.
It is clear what is wrong with the students’ logic in the surprise exam paradox following the analysis in the previous section. They start with the statement “If the exam has not occurred
before Friday, we know that it must be on Friday,” which means
that
. This statement is true. But they deduce that
“The exam cannot occur on Friday,” which means that
.
The second statement cannot be deduced from the first statement and is thus incorrect. According to (1), we know that
depends on
and it is not solely determined by
.
Given that “If the exam has not occurred after Wednesday,
we know that it must be on Thursday,” we cannot deduce the
statement “The exam cannot occur on Thursday.” The former
statement is equivalent to
while the latter one is
equivalent to
.
does not hold even if
is true.
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Fig. 2. The surprise exam paradox is analyzed as a five-stage game with strategy constraint. (a)–(e) The probabilities (both a priori and a posteriori) are ex. (f) The payoffs of the teacher and the students. (a) Probability of choosing on Monday. (b) Probability of choosing on Tuesday.
pressed as functions of
(c) Probability of choosing on Wednesday. (d) Probability of choosing on Thursday. (e) Probability of choosing on Friday. (f) Payoff.

Similarly,
does not hold even if we have
. We express the students’ logic in Fig. 4. Each odd
step corresponds to an incorrect deduction.
It is obvious that step 1 is not the only mistake in the students’
logic. Given
, the teacher can still find a strategy to give

a surprise exam. In the situation that
and
,
for example, the teacher could assign
or
and the expected payoff to the
teacher would be 0.407 if the students choose their best strategy
so far
. Thus, the teacher can exclude
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Fig. 5. Payoff matrix of the battle of the sexes game.

IV. REPEATED GAMES WITH STRATEGY CONSTRAINTS

Fig. 3. The probabilities of choosing
.
functions of , given that

on the last day are expressed as the

Fig. 4. The students’ logic in the surprise exam paradox. They start from
that is a correct statement. However,
cannot be deduced
because a priori probabilities depend on the choices made in previous stages.
Each odd step corresponds to an incorrect deduction.

the last day as a possible exam day. She should not exclude the
last day purely because it leads to a higher probability of giving
the surprise exam.
The surprise exam paradox shows a typical misuse of backward induction. When there is a constraint on the strategies of
the players, the choices of a player in multiple stages are coupled. Or, in other words, the choices in previous stages have an
influence on later choices. This influence needs to be taken into
consideration if backward induction is applied.
We have shown how to use backward induction to solve an
-stage surprise exam paradox in Section II. Given
, we first deduce the values of
and
, and then
and
, until and . Backward induction is used to deduce
posterior probabilities (or conditional probabilities). Given posterior probabilities, a priori probabilities could be computed by
means of Bayes’ theorem
(8)
and
are the (a priori)
where and are two events,
probabilities of and , and
and
are the
conditional probabilities of , given , and , given .
The traditional usage of backward induction in repeated
games assumes that the choices in different stages are independent. These are
and
, if the
events and are independent. Only in this situation could a
priori probabilities be equivalent to posterior probabilities.
In summary, backward induction could be used in its normal
usage only if the choices of the players in different stages were
independent. Otherwise, we need Bayes’ theorem together with
backward induction to compute the players’ choices.

Let
be an -player normal form game.
Each player has a finite strategy (action) space , and a corresponding payoff function
, where
is the set of player ’s mixed strategies. This stage game is
finitely repeated at each discrete time period
.
Let
be the strategy profile chosen in period , and
a strategy profile of all players except for player
.
Assume that each action will lead to a constant consumption
and the player faces a budget constraint
on total consumption in periods. The optimal strategy of each player in
period is a sequence of actions
, which is the
solution of the following programming problem:

subject to:

and
The second constraint reflects the limitation on player ’s
strategy. Because of the constraint, the set of possible strategies
of player shrinks. However, the player is not necessarily worse
off, compared with the situation without the strategy constraint.
We show this by analyzing a repeated battle of the sexes game.
The battle of the sexes is a two-player coordination game.
Two players, say the husband and the wife, choose between two
alternatives “opera” and “football” independently. The payoff
matrix is shown in Fig. 5. The values in brackets are the payoffs to the wife and husband, respectively. There are two pure
strategy Nash equilibria (both players choose “opera” and both
players choose “football”) and one mixed strategy Nash equilibrium (both players choose their preferred choices with probability 0.6) in this game. If there is no communication between
the two players, mixed strategy Nash equilibrium is very likely
to be the players’ choices. The players will coordinate with
probability 0.48, leaving each player with an expected payoff
of 1.2 (less than the payoff one would receive from choosing
one’s less favored event if coordination could be achieved).
Now consider a repeated game in which two players play the
battle of the sexes game twice. Assume that the choice of “football” means “watching a live football match in a pub,” and attending an opera is more expensive than the other choice. The
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These simplify to

Fig. 6. Strategy tree of the two-stage battle of the sexes game.

strategy constraint is: Each player can choose “opera” no more
than once in two stages.
Let us first consider the pure strategy. Because of the strategy
constraint, a player cannot choose “opera” twice. Each player
actually has three alternatives in two stages: (opera, football),
(football, football), and (football, opera). The strategy tree can
be expressed as shown in Fig. 6. Notice that some strategy combinations are not feasible. When the wife has chosen “opera” at
the first stage, for example, the husband will not choose “opera”
at the second stage because he knows that she must choose
“football” at the second stage.
There are three pure strategy Nash equilibria in this game:
1) both choose “opera” at the first stage and both choose
“football” at the second stage;
2) both choose “football” at the first stage and both choose
“football” at the second stage;
3) both choose “football” at the first stage and both choose
“opera” at the second stage.
Whichever strategy both players choose, they coordinate at
least once (both choosing “football”) in this game. The minimum payoffs to the wife and husband are 2.0 and 3.0, respectively. In the situation where there is no strategy constraint,
however, miscoordination in both stages is possible.
Now let us consider the mixed strategy. Assume that the
wife and the husband assign probabilities and to choosing
“opera” at the first stage, respectively. Let
and
be the
posterior probabilities of the wife and the husband choosing
“opera” at the second stage, given that no one has chosen
“opera” at the first stage.
and
have three possible values
since there are three Nash equilibria in the one shot game (two
pure strategy and one mixed strategy). Here, we take the mixed
strategy and neglect the other two. The situation that both pure
strategy and mixed strategy are adopted will be discussed later
in this section. Thus,
and
. The expected
payoffs to the wife and husband
and
can be computed
as

There is a mixed strategy Nash equilibrium if
and
. The expected payoffs are
and
.
The above equilibrium is only one of the mixed strategy Nash
equilibria, and there are several others in this game. For example, if we set
, we have another mixed strategy
Nash equilibrium
,
,
, and
. Among all Nash equilibria, the equilibrium with
and
is the least efficient because the players
receive the lowest expected payoffs.
Compared with the situation where there is no strategy
constraint (the expected payoff of each player is 2.4), it can
be seen that both players are better off in the game with the
strategy constraint. The strategy constraint helps the game
converge to a Nash equilibrium. In the games with multiple
Nash equilibria, the players could be confused about which
Nash equilibrium to choose. Without communication between
players, miscoordination is inevitable, even in repeated interactions. The strategy constraint provides extra information for
the players in the process of game playing, so that they know
more about the strategies of others. This is the reason why it
helps the game converge to pure strategy Nash equilibrium in
the coordination game.

V. CONCLUSION
We have introduced a typical misuse of backward induction
in repeated games by analyzing the surprise exam paradox. In
the surprise exam paradox, the strategies of the teacher and the
students in different stages are coupled so that backward induction cannot be applied in its normal use. The surprise exam
paradox represents a special type of repeated game: a repeated
game with strategy constraints. When the players’ choices in a
later stage are conditional and they depend on the choices in previous stages, backward induction should be used together with
Bayes’ theorem in order not to confuse a priori probabilities
with the corresponding conditional probabilities.
In some repeated games, the players involved in strategy constraints are not necessarily worse off, compared to the situation without strategy constraints. In the repeated battle of the
sexes game, for example, both players could be better off under
a budget constraint. This result reminds us that the players in
some repeated games may actively exert a constraint on their
strategies if they can be better off by doing so. If these behaviors are possible, then we should be very careful in using backward induction to solve finitely repeated games. The tit-for-tat
strategy in the iterated prisoner’s dilemma could be an example
of this [4], [24]. By adopting tit-for-tat, the player links his/her
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strategy to the strategy of the other player. If the other side realizes that they are better off choosing to cooperate, then mutual cooperation could be established. When the players adopt
strategies like tit-for-tat in repeated games, backward induction
cannot be applied in the normal way. This will be the direction
of our future research.
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