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Abstract—Algorithm selection is an important consideration
in multi-method global optimization. This paper investigates the
use of various algorithm selection strategies derived from well
known evolutionary selection mechanisms. Selection strategy
performance is evaluated on a diverse set of floating point
benchmark problems and meaningful conclusions are drawn
with regard to the impact of selective pressure on algorithm
selection in a multi-method environment.

I. INTRODUCTION

Over the last five decades meta-heuristic algorithms have
become established as the solution strategies of choice for
a large range of optimization problems. The ability of a
meta-heuristic algorithm to avoid local optima as well as
its robustness and ease of implementation have contributed
to the large amount of research carried out in recent years.
Unfortunately, it is not always easy, or even possible, to
predict which one of the many algorithms already in existence
will be most suitable for solving a specific problem.

Within this context, the simultaneous use of more than
one algorithm for solving optimization problems has recently
become a popular trend in the field of evolutionary computa-
tion. Two questions that arise, however, are: “How should we
select which algorithms are to be used during different stages
of the optimization run?” and “How do we allocate individual
solutions to selected algorithms for optimization?”

The answer may lie in the traditional evolutionary al-
gorithm literature. Selection, one of the main evolutionary
algorithm operators, directly determines how good solutions
are allowed to propagate to subsequent generations. Attempt-
ing to utilize the traditional evolutionary selection operators
to address the allocation of entities to algorithms in multi-
method optimization strategies is a promising future research
area, which we continue to explore in this paper.

This paper uses the HMHH algorithm of Grobler et al. [8]
as basis for further investigation. The algorithm consists of
seven common meta-heuristic sub-algorithms which are intel-
ligently used at different stages of the optimization process to
optimize different solutions. Five selection strategies, derived
from traditional evolutionary optimization, namely random,

roulette wheel, rank-based, boltzman and tournament selec-
tion are investigated. Performance is evaluated on a set of
varied floating point benchmark problems and a tournament
selection-based strategy is identified as the most suitable
strategy for the set of unimodal optimization problems. Rank-
based selection was the best performing strategy for the
more multimodal problems. Very low and very high selective
pressures are shown to be ineffective for algorithm selection
purposes, as seen from the poor performance of roulette
wheel and random selection. A comparison of the multi-
method hyper-heuristic algorithm with its composing meta-
heuristic sub-algorithms, is also shown to be robust and gives
promising results.

The rest of the paper is organized as follows: Section II
provides an overview of existing literature. Section III pro-
vides a brief overview of the HMHH algorithm while Sec-
tion IV describes selection strategies which were evaluated.
The results are documented in Section V before the paper is
concluded in Section VI.

II. A BRIEF REVIEW OF RELATED LITERATURE

Evolutionary algorithms, in general, focus on evolving a
population of candidate solutions or entities over time in
order to converge to a higher quality solution. In most cases,
a single algorithm, with its own unique operators, is assigned
to all entities and this algorithm is used in isolation to evolve
the population.

As soon as multiple algorithms are used simultaneously
to optimize a common population of entities, the allocation
of entities to algorithms needs to be considered. Two main
approaches can be identified from the literature. Static entity-
algorithm allocation assigns entities to algorithms at the start
of the optimization run and this allocation remains static
throughout the rest of the run. Dynamic entity-algorithm
allocation continuously updates the allocation of entities to
algorithms throughout the optimization run.

The rest of this section provides a closer inspection of
multi-method and portfolio algorithms and hyper-heuristics
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- all fields that have already considered the entity-algorithm
allocation problem.

A. Multi-method algorithms

Memetic algorithms can be considered to be the first
multi-method techniques applied to the field of computational
intelligence [9]. Recently, more complex self-adaptive multi-
method algorithms have been developed. The self-adaptive
differential evolution algorithm of Qin and Suganthan [13]
makes use of different differential evolution (DE) learning
strategies which are weighted based on previous algorithm
success.

The heterogeneous cooperative algorithm of Olorunda and
Engelbrecht [11] makes use of different evolutionary algo-
rithms to update each of the sub-populations in a cooperative
algorithm framework, thereby combining the strengths and
weaknesses of various optimization strategies within the same
algorithm.

Peng et al. [12] developed the population based algorithm
portfolio. This algorithm is based on the principle of mul-
tiple sub-populations each assigned to one algorithm from
a portfolio of available algorithms. At pre-specified time
intervals, entities are migrated between sub-populations to
ensure effective information sharing between the different
optimization algorithms.

Vrugt et al’s highly successful population-based ge-
netic adaptive method for single objective optimiza-
tion (AMALGAM-SO) [16] is one of the few examples of an
algorithm which continually updates the allocation of algo-
rithms to entities during the optimization run. AMALGAM-
SO employs a self-adaptive learning strategy to determine the
percentage of candidate solutions in a common population
to be allocated to each of three evolutionary algorithms. A
restart strategy is used to update the percentages based on
algorithm performance.

Another successful adaptive strategy selection mechanism
was investigated by Fialho et al. [6]. Comparisons of alter-
native credit assignment methods [7] and strategy selection
mechanisms within a differential evolution framework [6],
highlighted the superior performance of the fitness-based
area-under-curve bandit technique with a rank-based reward
scheme.

B. Hyper-heuristics

Burke et al. [2] define a hyper-heuristic as “a search
method or learning mechanism for selecting or generating
heuristics to solve computational search problems”. The basic
idea is not only to obtain an appropriate solution for a specific
problem, but rather to focus on automating the development
of the method used to obtain an appropriate solution. To
achieve this, a search space of low-level heuristics is defined,
upon which a high level search strategy operates to decide
when to use which low-level heuristic.

Various hyper-heuristics have been developed over the last
decade which could prove an effective means of addressing
the algorithm selection problem. The tabu-search hyper-
heuristic of Burke et al. [2] and the simulated annealing based
hyper-heuristic of Dowsland et al. [4] are notable examples.

III. THE HETEROGENEOUS META-HYPER-HEURISTIC

ALGORITHM

The HMHH algorithm of Grobler et al. [8] was used as a
basic framework for investigating the alternative evolutionary
selection strategies. The HMHH algorithm (Figure 1) consists
of a common population of entities with each representing a
candidate solution which is evolved over time, a set of low-
level meta-heuristic sub-algorithms, an acceptance strategy,
and a selection strategy.

The idea is that an intelligent algorithm can be evolved
which selects the appropriate meta-heuristic at each 𝑘𝑡ℎ

iteration to be applied to each entity within the context of the
common parent population, to ensure that the population of
entities converge to a high quality solution. The algorithm-
assignment is maintained for 𝑘 iterations, while the com-
mon parent population is continuously updated with new
information and better solutions. Re-allocation of entities to
algorithms is then performed, and the process continues.

This strategy was considered promising since each entity
can use unique meta-heuristic operators, helpful for dealing
with the specific search space characteristics it is encounter-
ing at that specific stage of the optimization process and the
role it is playing in the larger algorithm.

Common parent 
population

Acceptance Selection

GA GCPSO BBPSO EP
DE/rand/

bin
DE/best/

bin

DE/rand-
2-best/

bin

Set of low-level heuristics

Current solution 
information

New solution 
information

Algorithm 
performance 
information

New solution 
information

Low-level heuristic 
selection

Fig. 1. The heterogeneous meta-hyper-heuristic.

In this paper, seven commonly used meta-heuristic sub-
algorithms were used as the set of low-level heuristics:

∙ Genetic algorithm with floating-point representation,
tournament selection, blend crossover [5] [11], and self-
adaptive gaussian mutation [8].

∙ Guaranteed convergence particle swarm optimization
algorithm (GCPSO) [15].

∙ Barebones particle swarm optimization
algorithm (BBPSO) [10].

∙ Three differential evolution algorithms (DE/rand/bin,
DE/best/bin, and DE/rand-to-best/bin) [14].

∙ Covariance matrix adapting evolutionary strategy algo-
rithm (CMAES) [1].

A number of slight modifications had to be made to the
sub-algorithms to ensure that they function effectively in the
HMHH framework. For example, if the condition number
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of the covariance matrix exceeds 1014, CMAES terminates
even though the other sub-algorithms are still available for
selection. In such a case, the entities previously assigned to
CMAES are redistributed among the other sub-algorithms as
defined by the selection strategy of the algorithm.

Algorithm 1: The heterogeneous meta-hyper-heuristic.

Initialize the parent population 𝑋𝑋𝑋1

for All entities 𝑖 ∈𝑋𝑋𝑋 do2

Randomly select an initial algorithm 𝐴𝑖𝑚(1) from3

the set of meta-heuristic sub-algorithms to apply to
entity 𝑖

end4

𝑡 = 15

𝑘 = 56

while The stopping conditions are not met do7

for All entities 𝑖 do8

Apply sub-algorithm 𝐴𝑖𝑚(𝑡) to entity 𝑖 for 𝑘9

iterations
Calculate 𝑄𝛿𝑚(𝑡), the total improvement in10

fitness function value of all entities assigned to
algorithm 𝑚 from iteration 𝑡+ 1− 𝑘 to iteration
𝑡.

end11

for All entities 𝑖 do12

Use 𝑄𝛿𝑚(𝑡) as input to select sub-algorithm13

𝐴𝑖𝑚(𝑡+ 𝑘)
end14

𝑡 = 𝑡+ 𝑘15

end16

IV. INVESTIGATION OF ALTERNATIVE EVOLUTIONARY

SELECTION STRATEGIES

A number of traditional evolutionary selection strategies
have been selected for investigation based on their successful
application in traditional evolutionary algorithms.

A. Random selection

The random selection strategy (RAND) randomly assigns
entities to algorithms every 𝑘𝑡ℎ iteration. The probability of
selecting an algorithm to be applied to an entity is thus equal
to 1

𝑛𝑎
, where 𝑛𝑎 is the number of algorithms available for

selection. This strategy has very low selective pressure.

B. Roulette wheel selection

Roulette wheel selection (ROUL) is a proportional selec-
tion strategy which biases the selection towards algorithms
which performed well during the previous 𝑘 iterations from
the start of the optimization run. This selection strategy has
the highest selection pressure of all the investigated strategies.
The probability of selection of algorithm 𝑚, 𝑝𝑚 is given as

𝑝𝑚 =
𝑄𝛿𝑚(𝑡)

∑𝑛𝑎

𝑖=1 𝑄𝛿𝑖(𝑡)
, (1)

where 𝑄𝛿𝑚(𝑡) is defined as the total improvement in fitness
function value of all entities assigned to algorithm 𝑚 from
iteration 𝑡+ 1− 𝑘 to iteration 𝑡.

C. Tournament selection

Tournament selection (TOUR), with a tournament size,
𝑛𝑡, of three, has a slightly lower selective pressure than
roulette-wheel selection. For each entity in the population,
𝑛𝑡 algorithms are randomly selected from the set of available
algorithms. These algorithms are then compared according
to their performance over the past 𝑘 iterations based on
𝑄𝛿𝑚(𝑡). The entity under consideration is then assigned to
the algorithm which showed the best improvement over the
last 𝑘 iterations.

D. Rank based selection

Rank based selection (RANK) functions on the basis that
all algorithms are ranked according to their performance
during the previous 𝑘 iterations, where the best performing
algorithm has the lowest rank and the worst performing
algorithm has the largest rank. This information is then
used to determine the probability of selection. Where linear
ranking is used, the probability of selecting algorithm 𝑚, 𝑝𝑚
is given as

𝑝𝑚 =
𝜆̂+ (𝑟𝑚(𝑡)/(𝑛𝑎 − 1))(𝜆̂− 𝜆̃)

𝑛𝑎
(2)

where 𝑟𝑚(𝑡) is the rank of algorithm 𝑚 at iteration 𝑡, 1 ≤
𝜆̂ ≥ 2, and 𝜆̃ = 2− 𝜆̂.

E. Boltzman selection

Boltzman selection (BOLT) is directly derived from simu-
lated annealing. The selection probability of algorithm 𝑚 is
given as

𝑝𝑚 =
1

1 + 𝑒𝑄𝛿𝑚(𝑡)/𝑇 (𝑡)
(3)

where 𝑇 (𝑡) is defined as the temperature parameter. The
idea is that all algorithms are provided an almost equal
opportunity to be selected at the start of the optimization run.
However, as the run progresses, more emphasis is placed on
the selection of better performing algorithms.

V. EMPIRICAL RESULTS

The various strategies were evaluated on the first 17
problems of the 2005 IEEE Congress of Evolutionary Com-
putation benchmark problem set, which allows algorithm
performance evaluation on both unimodal and multimodal
functions and includes various expanded and hybridized
problems, some with noisy fitness functions.

The algorithm control parameters values listed in Table I
were found to work well for the algorithms under study
during previous research by the authors. 𝑚 −→ 𝑛 indicates
that the associated parameter is decreased linearly from 𝑚 to
𝑛 over 95% of the maximum number of iterations, 𝐼𝑚𝑎𝑥.

The results of the selection strategy comparison is pre-
sented in Table II, where the results for each strategy were
recorded over 30 independent simulation runs. 𝜇 and 𝜎
denote the mean and standard deviation associated with the
corresponding performance measure and 𝐼𝑡𝑒𝑟𝑠 denotes the
number of iterations which was needed to reach the global
optimum. Where the global optimum could not be found
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TABLE I
HMHH ALGORITHM PARAMETERS.

Parameter Value used

Number of entities in common population (𝑛𝑠) 100

Number of iterations between re-allocation (𝑘) 5

PSO parameters

Acceleration constant (𝑐1) 2.0 −→ 0.7

Acceleration constant (𝑐2) 0.7 −→ 2.0

Inertia weight (𝑤) 0.9 −→ 0.4

DE parameters

Probability of reproduction (𝑝𝑟) 0.75 −→ 0.25

Scaling factor (𝐹 ) 0.75 −→ 0.125

GA parameters

Probability of crossover (𝑝𝑐) 0.6 −→ 0.4

Probability of mutation (𝑝𝑚) 0.1

Blend crossover parameter (𝛼) 0.5

GA tournament size (𝑁𝑡) 13

CMAES parameters As specified in [1].

Tournament selection parameters

Algorithm selection tournament size (𝑛𝑡) 3

Rank-based selection parameters

Number of offspring of best entity (𝜆̂) 3

Boltzman selection parameters

Temperature parameter (𝑇 ) 1× 105 −→ 0

within the maximum number of iterations, the final solution
at 𝐼𝑚𝑎𝑥, denoted by 𝐹𝐹 , was recorded.

Mann-whitney U tests were used to evaluate the various
strategies according to the number of iterations required to
obtain the final fitness function value, as well as the quality
of the actual fitness function value. The results in Table III
are provided in the form: “Number of wins, number of draws,
number of losses” which were obtained from a pairwise
comparison of each strategy versus all of the other strategies.
To illustrate, (36-13-9) in row 1 column 2, indicates that
random selection outperformed roulette wheel selection 36
times over the benchmark problem set.

TABLE III
HYPOTHESES ANALYSIS OF ALTERNATIVE SELECTION STRATEGIES.

RAND ROUL TOUR

RAND NA 36− 13− 9 11− 25− 22

ROUL 9− 13− 36 NA 4− 18− 36

TOUR 22− 25− 11 36− 18− 4 NA

RANK 21− 35− 2 40− 13− 5 11− 33− 14

BOLT 17− 38− 3 38− 13− 7 12− 29− 17

RANK BOLT TOTAL

RAND 2− 35− 21 3− 38− 17 52− 111− 69

ROUL 5− 13− 40 7− 13− 38 25− 57− 150

TOUR 14− 33− 11 17− 29− 12 89− 105− 38

RANK NA 4− 51− 3 76− 84− 24

BOLT 3− 51− 4 NA 70− 131− 31

It is clear that random selection performs very poorly. This
confirms our suspicions that simply using a number of differ-
ent algorithms interchangeably throughout the optimization

run, is insufficient to obtain good multi-method algorithm
performance and that a more intelligent selection strategy
promotes better performance. The poor performance of the
roulette wheel selection strategy is slightly surprising, and
can probably be attributed to the high selective pressure and
associated quick convergence of fitness-based algorithms.

The better performing strategies are those with less selec-
tive pressure which allows the algorithm more time to explore
and converge slowly to better performing strategies. Rank-
based selection performed the best of all selected strategies
over the entire problem set, with boltzman selection second
and tournament selection third. A closer inspection of the
results in Table II, showed that the good performance of
tournament selection could be traced to its performance on
unimodal problems, while rank based selection performed
well when solving more multimodal problems.

In an attempt to verify the actual performance of the
selection strategies, the two best performing hyper-heuristic
algorithms from the previous analysis were compared under
similar conditions to their composing algorithms. The actual
results are recorded in Tables IV and V whereas a statistical
analysis is provided in Table VI. Mann whitney U tests were
again used to compare the performance of each composing
algorithm to the tournament-based HH (unimodal problems)
and rank-based HH (multimodal problems). The same “num-
ber of wins, draws and losses” format of Table III was also
used.

TABLE VI
HYPOTHESES ANALYSIS OF HMHH ALGORITHM VERSUS ITS

COMPOSING ALGORITHMS.

Problem type Unimodal Multimodal

Algorithm TOUR RANK

GCPSO 17− 6− 0 28− 21− 3

BBPSO 17− 5− 1 32− 18− 2

DE/rand/bin 17− 5− 1 27− 17− 8

DE/best/bin 18− 5− 0 20− 24− 8

DE/rand-to-best/bin 17− 5− 1 20− 23− 9

GA 22− 1− 0 22− 23− 7

CMAES 1− 4− 18 12− 21− 19

TOTAL 109− 31− 21 161− 147− 56

From the results it can be seen that the HH algorithms per-
form statistically significantly better a large number of times
when compared to six of its seven composing algorithms.
CMAES performs better than the HH when solving unimodal
problems, but the HH performance starts to improve in
comparison with CMAES as problem size and complexity
increases. A closer inspection of the probability of selection
of the various strategies, showed that the HH was, however,
able to identify CMAES as the best performing algorithm
and bias the allocation of entities accordingly. The data
also indicates that convergence to CMAES deteriorated as
problem size increased. Due to space constraints, only the
results on problem CEC10 is provided as an example in
Figures 2, 3, and 4.
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Fig. 2. Probability of selection of the RANKHH subalgorithms on the 10
dimensional CEC10 benchmark function.

Fig. 3. Probability of selection of the RANKHH subalgorithms on the 30
dimensional CEC10 benchmark function.

Fig. 4. Probability of selection of the RANKHH subalgorithms on the 50
dimensional CEC10 benchmark function.

VI. CONCLUSION

This paper investigated the impact of different evolutionary
selection strategies on multi-method optimization algorithm
performance. Experimental results indicated that tournament
selection was the most suitable strategy for unimodal prob-
lems, whereas rank-based selection was more appropriate for
multimodal problems. It was also shown that the HMHH
algorithm compared favourably to its composing algorithms.

Significant future research opportunities exist in improving
the performance of the HMHH algorithm through more
detailed analyses of various algorithmic aspects such as,
for example, the information exchange mechanisms between
sub-algorithms. Comparisons against other well known tech-
niques for operator selection, such as probability matching,
adaptive pursuit and bandit-based approaches could also

prove insightful.
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