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Abstract. In this paper we propose a genetic algorithm based hyperheuristic for producing good quality solutions to strip packing problems.
Instead of using just a single decoding heuristic, we employ a set of
heuristics. This enables us to search a larger solution space without loss
of eﬃciency. Empirical studies are presented on two-dimensional orthogonal strip packing problems which demonstrate that the algorithm operates well across a wide range of problem instances.
Keywords: Hyper-heuristic, Strip Packing.

1

Introduction

Cutting and packing problems are a large family of problems arising in many
industrial settings, from stock-cutting in the paper, metal, glass and wood industries to container, pallet loading, multi-processor scheduling and other resource
allocation problems. Many heuristics have been devised for the problems, and
their performance have been intensively studied [1,2]. For the oﬄine version of
the problems, where all pieces are known beforehand, results can usually be
improved by a meta-heuristic search [3,4,5].
Coﬀman et al. [1] pointed out that the performance of a single heuristic,
in terms of both worst-case and average-case, may vary depending on given
instances. Their proofs presume a uniform distribution of item sizes and are
applicable to one dimensional problems. The performance for other distributions
and higher dimensional instances is not so well understood. The lack of insight
into instance properties and heuristic behaviour causes diﬃculty in practical
situations when we need to select an appropriate heuristic for the problem at
hand. In addition, many heuristics are designed to guarantee feasible packings,
especially in high dimensional cases, but may not be able to construct certain
patterns, eﬀectively stopping us being able to ﬁnd the optimal solution [6]. This
limitation is also inherited by any meta-heuristic which employs only one of these
heuristics as the mapping function from representation space to solution space.
Hyper-heuristics are currently receiving some attention in the literature [7,8,9].
The approach is motivated by the goal of raising the level of generality of search
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methodologies [7] and they have been successfully applied to cutting and packing problems [10,11]. In this paper, we propose a novel hyper-heuristic approach
which helps intelligently choose a suitable heuristic each time we need to place an
item. The main diﬀerences from previous, standard meta-heuristic approaches is
that a set of heuristics will be utilised. The heuristic set will map the representation space to the solution space so that the algorithm can avoid the shortcomings
of only using one heuristic. To demonstrate the eﬀectiveness of the approach,
we propose a hyper-heuristic based on a genetic algorithm. The chromosome
contains not only which item to pack, but also which heuristic(s) are available
to pack that item. Therefore, we enhance the standard genetic algorithm (GA)
encoding, where a chromosome is a permutation of items, by adding a set of
heuristics together with probabilistic information. Such information will facilitate choice decisions to select heuristics rather than rely on a user’s arbitrary
judgement. Compared to the hyper-heuristic by Ross [12,10], the learning mechanism updates the probabilities of applying heuristics according to their historical
performance, rather than through a learning classiﬁer system.

2

Related Work

In classical two-dimensional orthogonal strip packing problems [6], we are given
a container C, with width W and inﬁnite height. We are required to pack into
C a set of small rectangles R = {r1 , r2 , ..., rn } with (wi , hi ) denoting the width
and height for each ri ∈ R. The objective is to minimise the total height of the
packed rectangles. Typical assumptions, as summarised by Fekete and Schepers
[13], are:
1. Each edge of the rectangles have to be parallel to one edge of the container
(orthogonal);
2. We do not require guillotine cutting (free-form);
3. All rectangles must be within the container (closeness);
4. Rectangles must not overlap with each other (disjoint);
5. Rectangles cannot be rotated (ﬁxed orientation).
The problem can be classiﬁed as two-dimensional regular open dimensional packing (2D-R-ODP) according to the typology proposed by Wäscher et al. [14].
Some heuristics for one-dimensional cases can be modiﬁed for the strip packing problem. Baker et al. [6] presented a bottom-up left-justiﬁed (BL) heuristic, which ﬁnds the lowest feasible space, similar to one dimensional First Fit
(FF), and packs left justiﬁed. Another heuristic has been described by Liu and
Teng [15]. Each rectangle is dropped from the top right corner of the container
and moved down and then left until it settles at a stable position. The heuristic overlooks any holes formed by preceding rectangles in the partial packing.
Therefore, it can be regarded as Next Fit (NF) [1] which never utilises empty
spaces produced at an earlier stage. The Best Fit (BF) policy [1] ﬁts a piece into
the smallest feasible space. Hayek et al. [16] proposed a way to search for the
smallest feasible space. Burke et al. [17] designed a Best Fit Decreasing Width
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(BFDW) heuristic, which was later enhanced using a meta-heuristic as a post
process operation [20].
Meta-heuristic approaches have also attracted much attention as they have
been shown to produce good quality solutions for cutting and packing problems
[18,19,20,21]. The most common way of implementing these methodologies for
packing problems is to use a hybrid strategy which combines an iterative search
component together with a placement heuristic. For example in a typical GA
method, the GA searches for the best permutation of shapes that enables a
decoder to return a good packing solution. Given that the diﬀerent decoders
and parameter sets perform diﬀerently, it normally relies on a user’s decision (or
even intuition) to make appropriate choices.
Being aware of the diﬃculties faced by heuristics and meta-heuristics, a natural question to ask is if we can develop an automated system which requires
less human interaction and can deal with a wide range of problems? Ross et
al. [12,10] presented two approaches for one-dimensional bin packing problems.
They associate a set of packing heuristics with diﬀerent packing statuses. A
learning classiﬁer system [12] and a genetic algorithm [10], acting as higher level
managers, search for an appropriate packing heuristic to be employed at each
step of the packing. In these approaches, a set of predeﬁned problem statuses
is used to describe the status of partially ﬁlled bins and the remaining pieces.
In [12], a classiﬁer system determines the problem status and decides which low
level heuristic to call. This approach requires a good understanding between
problems and low level heuristics. For many situations, such as in high dimensional cases, the task of gaining such understanding, and enumerating all possible
situations, can be non-trivial. In [10], a GA is employed to detect the problem
status and suitable heuristics to employ. As we demonstrate in the next section,
some heuristics such as left-justify or right-justify, may not be relevant to the
problem status, but are still crucial in some cases.

3
3.1

The GA-Based Hyper-Heuristic Approach
Overview

Our hyper-heuristic approach is based on a genetic algorithm for the over-riding
search strategy (Fig. 1). To facilitate the choice of heuristics, the standard chromosomes are enhanced by combining the sequence of rectangles with heuristicprobability pairs. Section 3.2 provides more details on the chromosomes. Compared to the hyper-heuristic approach using a static learning classiﬁer system
[12,10], our approach adopts a roulette-wheel selection mechanism to choose a
heuristic from the candidate set (step 2.3 in Fig. 1), along with an adaptive
learning mechanism to intelligently recognise a suitable heuristic within a set
(steps 2.5 to 2.7 in Fig. 1).
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1.1 for each individual cind random shuﬄe {r1 , r2 , . . . , rn };
1.2 for each rectangle ri initialize a set of heuristic-probability pairs (hji , pji );
2 while Iteration ≤ Iterationmax
2.1 select parents cx , cy ;
2.2 generate new child cind  by crossover and mutation;
∗

∗

2.3 choose a heuristic hji according to its probability pji ;
∗
2.4 pack ri with hji ;
2.5 Δ = (Heightcind − Heightcind  )/Heightcind ;
∗
∗
2.6 pji = max{0, pji + Δ};
2.7 for each j ∈ J \ j ∗ , update pji ;
Fig. 1. Pseudo-code of the GA-based hyper-heuristic framework

We also compare two alternative versions of the hyper-heuristic to decide the
types of heuristic decoders:
Non-competing heuristic sets (NC-HH). The type of heuristics are ﬁxed.
They are all available to pack each shape even if the probability value approaches zero (see step 2.7 in Fig. 2). In this version, although the heuristics
hji are arbitrarily chosen and remain static, the probabilities pji are updated
adaptively and the search procedure is still a dynamic probability selection
mechanism. Fig. 2 shows details of the reﬁned procedures of steps 1.2 and
2.7 for this version of the hyper-heuristic.
1
1.2 for each ri initialize a set of |J| heuristics, and set each pji = |J
;
|
j
j
∗
Δ
2.7 for each j ∈ J \ j , pi = max{0, pi − |J|−1 };

Fig. 2. Reﬁned step 1.2 and 2.7 for NC-HH

Competing heuristic sets (C-HH). The hyper-heuristic chooses initial
heuristic sets, and it allows badly performing heuristics to be replaced (Fig. 3).
When initialising, the hyper-heuristic randomly selects a subset of heuristics
from all those available. During the updating process, if the probability of a
heuristic drops below a threshold level, it will be replaced by another randomly chosen heuristic. Whenever replacement happens, the probabilities of
the heuristics will be reset to allow the newly introduced heuristic a fair
chance of competing with the surviving members that are already in the set.
In eﬀect, all heuristics are competing against each other in order to stay in
the candidate set.
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1.2 for each ri random select a set of |J’| < |J| heuristics, and set each pji =
∗

∗

2.7 if the incumbent heuristic hji has pji < P robth replace hji
heuristic, set pji = 1 , reset other heuristics’ probabilities;
|J’|
otherwise for each j ∈ J’ \ j ∗ , pji = max{0, pji − Δ };
|J’|−1

∗
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;
|J’|

with a new

Fig. 3. Reﬁned step 1.2 and 2.7 for C-HH

3.2

Chromosomes

We enhance the standard genetic algorithms’ chromosome by including with each
item (allele) some probabilistic information for heuristic selection. Each allele is
denoted as a set of pairs of heuristic hji and probability pji , i = 1, 2, ..., n,where
n is the number of items and j is a parameter deﬁning the number of candidate
decoding heuristics available to each rectangle. Fig. 4 shows a chromosome for
the proposed hyper-heuristic methodology.
r1
r2
(h11 , p11 ) (h12 , p12 )
(h21 , p21 ) (h22 , p22 )
...
...

...
...
...

rn
(h1n , p1n )
(h2n , p2n )
...

Fig. 4. A hyper-heuristic GA chromosome

The values of the probabilities (initially set equal) will be updated through a
learning mechanism. The choice of a heuristic for each piece will be rewarded or
punished according to the results of the ﬁnal packing height, i.e. the probabilities
of incumbent heuristics will be increased if we obtain a better packing, and
decreased otherwise. Therefore, the system learns from its interaction with the
search problem. For example, a system may ﬁnd it tends to apply rules ﬁnding
lower positions for large pieces, while for small pieces there is less diﬀerence in
heuristic probabilities. The hyper-heuristic uses this adaptive policy to learn how
to utilise the heuristics.
3.3

Decoding Heuristics

Decoding heuristics for higher dimensional problems are concerned with two
decisions: which space to select for the placement and where in the chosen space
to place the item. For the ﬁrst decision, we will use three categories of heuristics:
First Fit, Next Fit and Best Fit. To implement these heuristics, we maintain a
list of feasible spaces, initially containing one element of the size of the strip. We
recalculate the list after placing each shape, similar to [16].
First Fit (FF) select the feasible space at the lowest level, break ties by choosing the left most space (equivalent to the bottom-up heuristic [6]);

470

E.K. Burke, Q. Guo, and G. Kendall

Best Fit (BF) select the feasible space with the smallest area;
Next Fit (NF) spaces not exposed from the top of the partial packing will be
removed from the list, then select the lowest feasible space (equivalent to
bottom-left move with downward priority [15]).
For the second decision our hyper-heuristic will consider all four corners of a
chosen space. Therefore, in our experiments, we have twelve diﬀerent placement
options for each item. The type and quantity of heuristics will aﬀect the performance of the hyper-heuristic, possibly due to the larger the size of the pool,
the potentially larger search space (see section 4.3). Therefore, we limit the
candidate sets to a more manageable size of four rather than using all twelve
heuristics.
3.4

Selection and Replacement Strategy

Parent selection is carried out by truncated selection. By experimentation we
found that it is more eﬀective to select parents from the top third, rather than
using roulette-wheel selection from the entire population. A child chromosome
replaces the worst member in the population, that is not a replica of an existing
chromosome.
3.5

Recombination

The GA recombination operators are standard, involving a random two-point
order-based crossover (2OX) [5] and mutation. In particular, when exchanging
orders of items in a sequence the associated set of heuristics of each item will be
exchanged as well. We have implemented two other operators, partial matching
crossover (PMX) and single point crossover (1OX), which also guarantee feasibility. Compared with 2OX, PMX makes little diﬀerence and 1OX performs
slightly worse. The detailed settings of parameters will be shown in Section 4.

4

Experimental Results

To examine the eﬀectiveness of the proposed hyper-heuristics, we have created a
set of instances to demonstrate that hyper-heuristics can explore a wider solution
space (Section 4.1). We also compare the average performance with standard
GAs (Section 4.2). It is also interesting to investigate the impact of the size
of the heuristic sets, which is an important parameter aﬀecting the size of the
search space (Section 4.3).
The benchmark instances are taken from Burke et al. [17] and the OR-library
http://people.brunel.ac.uk/~mastjjb/jeb/orlib/files/. C1 to C7 are
seven categories with three instances in each and N1a to N7e are 35 non-guillotine
instances. N1 to N12 have a number of items ranging from 10 to 500, and the
other two sets of instances have 16 to 197 items.
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The algorithm was implemented in C++ and ran on a grid computer with
2.2GHz CPUs, 2GB memory and GCC compiler. To obtain statistics every experiment was run 100 times.
4.1

Feasibility and Optimality

The ﬁrst set of experiments is designed to evaluate the eﬀects of multiple decoders. We created some instances where gaps have to exist in the middle of
patterns in the optimal solutions (as per Baker et al. [6]). Using only one heuristic will fail to achieve the optimal pattern. An example of such an instance is
as follows. Nine Items: 60x60, 60x60, 50x50, 50x50, 40x40, 40x40, 10x10, 10x10,
31x30 are to be packed into a strip of width of 151. (Note if the last item was
30x30 and the strip has a width of 150, the shapes would ﬁt perfectly.) The best
results achieved by a meta-heuristic with a single placement heuristic (in our
experiments GA+NFBL, GA+FFBL, GA+BFBL) and hyper-heuristics (both
C-HH and NC-HH versions) are 120 and 110 respectively Fig. 5). It is simple
to verify that 110 is the optimal. Assuming the optimal is less than 110, say
109, the whole area of strip needed (including any utilised and wasted areas) is
16,459 (151x109), which is less than the total area of all items 16,530, therefore
it is impossible.
Other instances in our dataset are created by choosing a number of pieces and
cutting at random points. The hyper-heuristics demonstrates stronger

Fig. 5. Best result achieved by meta-heuristic is 120 and optimal achieved by hyperheuristic is 110
Table 1. Average and best results of new instances
instance 1 instance 2 instance 3 instance 4 instance 5 instance 6 instance 7 instance 8
min avg min avg min
avg min avg min
avg min avg min
avg min
avg
Next Fit HH 110 112.3 110 119.3 110 113.04 110 120.8 111 115.26 120 121.0 112 114.30 116 119.67
GA 120 120.0 120 120.0 110 113.70 120 120.7 111 115.45 120 120.5 112 115.06 117 120.37
First Fit HH 110 110.1 110 118.1 110 111.85 110 120.0 111 113.10 120 120.0 110 113.26 116 117.62
GA 120 120.0 120 120.0 110 112.43 120 120.1 111 114.31 120 120.2 111 114.20 116 118.40
Best Fit HH 110 110.0 110 116.3 110 111.77 110 119.5 111 112.43 120 120.2 110 112.61 116 118.50
GA 120 120.0 120 120.0 110 111.91 110 119.6 111 113.75 110 120.1 111 113.42 114 118.82
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performance (Table 1). Comparing best and average results to algorithms applying only one heuristic, hyper-heuristics are better on almost all cases. This
experiment provides evidence that hyper-heuristics can avoid the drawbacks of
applying only a single heuristic, and ﬁnd more feasible solutions and, possibly,
optimal solutions.
4.2

Performance

In this experiment we further compare our hyper-heuristics to standard metaheuristics on well known benchmark instances for each category of decoders (FF,
NF and BF). The hyper-heuristic (NC-HH) utilises four positioning heuristics
while the standard GA uses only one. Table 2 shows that the hyper-heuristics
produces superior solutions in more cases on the First Fit and Best Fit and
equal solutions on Next Fit. The extra calculations to update the probabilities
only causes a minor increase to the CPU time even for larger sized instances, as
shown in Table 3 (0.5% on average).
Table 2. Average of all instances
dataset number of
First Fit
Next Fit
Best Fit
instances HH Wins GA Wins equal HH Wins GA Wins equal HH Wins GA Wins equal
n1-n12
c1-c7
n1a-n7e
new

12
21
35
8

5
12
16
8

5
7
19
0

2
2
0
0

2
8
21
6

9
12
14
2

1
1
0
0

9
11
18
7

2
10
17
1

1
0
0
0

total

76

41

31

4

37

37

2

45

30

1

Table 3. Average CPU time for 5000 evaluations (milliseconds)
Set size
GA
HH

4.3

n1

n2

n3

174
176

508
518

924
906

n4

n5

n6

n7

n8

n9

n10

n11

n12

1546 2224 2216 2820 4076 4786 9902 18358 62022
1568 2230 2208 2824 4074 4856 10008 18542 61950

Eﬀects of Number of Heuristics in a Set

In the next set of experiments we attempt to ﬁnd a suitable trade-oﬀ between the
size of the set (and thus computational time) and solution quality. In Table 4,
we present a comparison between four runs of a hyper-heuristic (C-HH version)
where heuristics are all randomly chosen and the set size varies between 4 and
8. It can be seen that many of the best results (highlighted) are produced with
just four heuristics.
Table 4. Heuristic set size aﬀects results
Set size n1
size
size
size
size

of
of
of
of

4
5
6
7

40.00
40.00
40.00
40.00

n2

n3

n4

n5

n6

n7

n8

n9

n10

n11

n12

51.51
51.32
51.08
51.22

52.59
52.61
52.65
52.66

84.08
84.29
84.39
84.40

106.19
106.42
106.50
106.42

104.78
104.63
104.70
104.55

110.04
110.37
110.20
110.26

85.79
86.26
86.02
86.35

156.48
156.61
156.70
156.63

154.36
154.66
154.80
154.64

155.88
155.97
155.80
155.75

317.26
317.28
317.20
317.13
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Conclusion and Future Work

In this paper we have proposed a hyper-heuristic approach to tackle cutting
and packing problems. The idea is to combine a set of heuristic decoders with a
high level search operator. Empirical studies have demonstrated that the hyperheuristic approach is superior to standard meta-heuristics which use only one
decoder. The potential beneﬁts can be summarised as follows:
– Compared to standard approaches the hyper-heuristic is able to explore a
larger solution space. Therefore, it has the potential to ﬁnd the global optima
or deliver better results than other meta-heuristic approaches.
– Its built-in learning mechanism is highly automated requiring less user judgement, as the hyper-heuristic itself will intelligently choose a suitable heuristic
to pack a given item. It is also ﬂexible for further expansion by having the
option to add new heuristics into the candidate set.
In this paper, the hyper-heuristic utilises a GA as the search methodology and
a number of well known heuristics as decoders. The hyper-heuristic is ﬂexible
to adopt other search engines, such as Tabu Search or Simulated Annealing.
It is also possible to employ other more sophisticated low-level heuristics, such
as those considering shared edges. There is scope for further improvement by
integrating techniques such as a local search into the hyper-heuristic framework.
Like most meta-heuristics, hyper-heuristics are usually computational intensive
algorithms. Therefore, it is interesting to investigate if parallelization (e.g. an
island model) could solve even lager instances. Further work is also required to
understand the dynamics among diﬀerent level operators and the evolution and
interaction between the heuristic search space and solution space.
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